A model of three-layered spherical microstrip antenna has been analyzed based on Rao-Wilton-Glisson (RWG) triangular basis functions using mixed potential integral equation (MPIE). Firstly, the model of antenna and the dyadic Green's function in spherical microstrip antennas are given at the beginning of this paper. Then, due to the infinite series convergence problem, asymptotic extraction approach is presented to accelerate the Green's functions convergence speed when source and field points are located in the same layer and different layers. The convergence speed can be accelerated observably by using this method. Finally, in order to simplify impedance matrix elements calculation at the junction of the probe and patch, a novel division fashion of pair of triangles is adopted in this paper. The input impedance result obtained shows the validity and effectiveness of the analysis method comparing with published data.
Introduction
Nowadays, conformal microstrip antennas have been the subject of several research works, where cylindrical, spherical, and conical microstrip antennas have been studied [1] [2] [3] . Among the studies, the spherical microstrip antenna is found to be helpful in improving width of beam problem involved with the planar arrays at low elevation [4] . The spherical microstrip antenna is the emphasis of research in this paper.
Several methods have been used to analyze the characteristics of spherical microstrip antenna. The analysis methods include mainly generalized transmission line model (GTLM) analysis, cavity model theory, and full-wave method. The process of the GTLM analysis [5] and cavity model theory [6] is simple; however, the result obtained is accurate only when the substrate thickness is much smaller than wavelength and the radius of the sphere (ℎ/ < 0.01). On the contrary, the full-wave method [7] is complicated with accurate and rigorous calculated result, which is adopted widely without the substrate thickness limitation.
In aforementioned study methods, the method of moments based on full-wave solution has been adopted widely in analysis. In general, Green's functions should be considered in the calculated process. The dyadic Green's functions for simple spherical geometry have been presented earlier in [8] . A general expression of dyadic Green's functions in a spherically arbitrary multilayered medium is introduced in [9, 10] by applying the method of scattering superposition, where the functions have been expressed in the form of an infinite series of spherical eigenmodes. Another type of Green's function has been given by using the GLDMULT algorithm that calculates spectral-domain Green's function of multilayer spherical, circular, cylindrical, and planar structures, and more details about GLDMULT algorithm can be found in [11] . Based on the GLDMULT algorithm, spherical stacked-patch arrays with emphasis on the physical interpretation of mutual coupling are analyzed in [12] . In [13] , a rigorous MoM model that can be used to analyze spherical antennas of any configuration and substrate thickness is presented, and the dyadic Green's functions are decomposed into fast and slow convergent parts, with the slower part incorporated into a single scalar potential expression. Other jobs have been done to accelerate the infinite summation convergence [14, 15] , with the source and field points located in the same layer and different layers. A probe-fed circularly polarized loop antenna printed on a layered dielectric sphere has been studied in [16] . In this paper, the model of three-layered spherical microstrip antenna is established, where the problem about substrate thickness and feeding probe is considered. The method of moment based on Rao-Wilton-Glisson triangular basis functions and the dyadic Green's functions in [9] is used in the model using mixed potential integral equation (MPIE). Asymptotic extraction approach is presented to accelerate the Green's functions convergence speed, and a novel division fashion of pair of triangles is adopted to simplify impedance matrix at the junction of the probe and patch. The input impedance of microstrip antennas in spherically layered media is calculated, and calculated results of the input impedance are in good agreement with published data, which shows the validity and effectiveness of the analysis method.
Theory and Formulation
The model of three-layered spherical microstrip antenna is presented in Figure 1 . The patch is located in the free space while the probe is located in the medium layer. A conducting spherical core can be modeled as the inner-most layer.
Expressions of Dyadic Green's Functions.
The electromagnetic dyadic Green's functions in the layered media have been deduced in detail in [9] . The dyadic Green's function can be considered as the sum of an unbounded dyadic Green's function G (r, r ) and a scattering dyadic Green's function G ( ) (r, r ), and the unbounded dyadic Green's function can be expressed as
which can be employed only when the source and field points are located in the same layer [13] . In this paper, according to research requirement, four types of G ( ) (r, r )
should be considered ( denotes the layer number of field point's position and denotes the layer number of source point's position as shown in Figure 1 ), including G (11) (r, r ), (12) (r, r ), and G (22) (r, r ). To save the space, the expression of all types of Green's functions will not be given here. Only take G (11) (r, r ) for example:
where vector eigenfunctions M (2) , M (2) , N (2) , and N (2) can be found in [9] . In this case, (2) represents Green's function that both the source and field points are located in the free space, and the coefficients 11 , 11 are derived and presented by
where the equivalent reflection and transmission coefficients
can be calculated by [9] and cannot be given here. The scattering dyadic Green's function G (11) (r, r ) contains nine components, which can be obtained through the substitution of general expressions of vector eigenfunction for (2) . Takê̂component, for example,
where
× (− sin cos + cos sin cos ( − )) Each component of the scattering dyadic Green's functions can be expressed as an infinite summation of spherical harmonic and be constitutive of two components. Take (4) for example; the first part represents the TE modes, and the second one represents TM modes. Proper truncation of the summation is essential for an infinite summation. The summation of the TE modes converges much faster than that of the corresponding TM modes according to the asymptotic spherical Bessel and Hankel functions, and in order to improve the computation efficiency, TM modes of nine components are incorporated into a unified potential [13] .
The electric field can be expressed using the scattering dyadic Green's functions
Equation (6) also can be expressed as
We can regard the magnetic vector potential A and the potential scalar as TM modes contributions and TE modes contributions, respectively. Then
where G , can be found in [13] .
Asymptotic Dyadic Green's Functions.
In this paper, asymptotic extraction approach has been adopted which can accelerate the infinite summation convergence [14] . This can be completed by using the large order spherical Bessel and
Hankel functions principal asymptotic expressions:
When the source and field points are located in the free space (the first layer), the Green's function coefficients are shown as
where the subscript denotes an asymptotic expression. It can be seen that TE modes coefficients asymptote to zero when is large, while TM modes coefficients depend on the wave reflections at the dielectric. The asymptotic dyadic Green's function can be presented, and takê̂component for example:
using (10d), (12) can be written as International Journal of Antennas and Propagation where one assumes ( + 1) ≈ for large . The other asymptotic G (11) (r, r ) components can be derived in the same way and then incorporated into a unified expression:
with the aid of the addition theorem of the spherical Hankel function
equation (14) can be reduced to
cos , then G (11) (r, r ) can be expressed as
and ∇∇ 1 , ∇∇ 2 are given by (14) , (16), respectively. The component in (17) right hand bracket is the infinite summation of spherical harmonic; however the Green's functions convergence speed is accelerated. The other component is a close-form representation and can be treated as similar as that of unbounded dyadic Green's function (1). Asymptotic dyadic Green's functions of G (21) (r, r ), G (12) (r, r ), and G (22) (r, r )
can be obtained in the same way, which are given in the Appendix.
MoM Solution.
The method of moments based on RaoWilton-Gilson triangular basis function is adopted in the model using the mixed potential integral equation (MPIE), where the antenna surface and probe are divided into a mesh of triangular patches as shown in Figure 2 , and the probe is modeled by strip. A problem that needs special attention is the connection of the feeding probe to the patch. A possible solution [13] is introduced by the double use of the edge shared by the probe and the patch, where the common triangle is located in the probe as shown in Figure 3 , which is efficient in [13] because the probe and the patch are located in the same layer, where only a type of dyadic Green's function G (22) (r, r ) is used in the model.
In this paper, the analysis process is complicated if the aforementioned division fashion is adopted since there are two pairs of RWG basis functions at the junction. A novel division fashion of pair of triangles is adopted to simplify impedance matrix where the common triangle is located in the patch as shown in Figure 4 , and only a pair of RWG basis function positions at the junction.
The impedance matrix elements can be calculated based on MoM using the mixed potential integral equation (MPIE):
where f is testing basis function, and
using Gauss theorem
where are three edges around the triangle andn is normal unit vector. The term f ⋅n equals zero on the boundary edge. To the common edge, (20) equals zero because the component of function normal to the common edge is unity. An undesirable line integral will appear at the junction as shown in Figure 5 if the Gauss theorem is employed to transfer the differential operators ∇ or ∇ [17] For example, when source point is located in the triangle pair at the patch and field point is located in the triangle pair at the junction,
where is the common edge as shown in Figure 5 . 2 is the electric scalar when source is located in the first layer and field is located in the second layer; and 1 is the one when source locates in the first layer and field is located in the first layer. The integration over the testing triangle surface and line is avoided through using the approximate Galerkin method, in which testing functions can be implemented at the centroid of the triangle and line. The surface integral over the source triangle is calculated using symmetric quadrature rules over the triangle.
Noticeably, calculating the self-element of impedance matrix at the junction is much complicated because four types of the dyadic Green's functions will be calculated, and difficult line integral singularity will also be met. The calculation formulation when both source and field triangle pairs position at the junction is as same as (21), but the meaning of 2 and 1 is not same as the ones of (21). 2 is the electric scalar when field is located in the second layer, and 1 is the one when field is located in the first layer. The position of source is in the first layer and second layer. In this case, the first term of (21) can be expressed as
Then, (21) can be decomposed as 16 terms involving the calculation of four types of the dyadic Green's functions. Besides, the line integral singularity will be met when calculating (22):
Hence, calculating the self-element of impedance matrix at the junction is much complicated. The patch is positioned at the interface between the two layers, and it can be regarded as being located at the bottom of free space or the top of the medium layer. Then, a smart method is regarding the two triangles at the junction as being located in the medium layer when calculating the self-element of impedance matrix at the junction.
Calculated Results
In this paper, the presented example in [13] has also been adopted, where the radius of the PEC spherical core is 5 cm, with a spherical medium of 2 = 2.47 and a 0.32 cm thickness. The conformal patch has an arc radius of 1.88 cm, and the probe is located in an arc distance of 0.94 cm from the center of the patch. The width of the probe is 0.2 cm. A delta gap voltage source has been placed at the base of the probe. The convergences of four types of Green's function are shown in Figures 6, 7, 8 , and 9. The convergence has been accelerated significantly when the asymptotic extraction is applied in computing the summation between the source and field points that are located in the same layer and different layers.
The input impedance of the spherical microstrip antenna has been calculated compared with that cited in [13] as shown in Figure 10 . The summation of has been truncated Present computation Citation in [13] Computaion in [13] Figure 10: The comparison between the calculated result in this paper and the one of reference [13] .
using 40 terms, which improves the computation efficiency significantly.
Conclusions
The input impedance of a three-layered spherical microstrip antenna has been calculated based on RWG triangular basis functions using mixed potential integral equation (MPIE). Asymptotic extraction approach is presented to accelerate the Green's functions convergence speed when source and When the source is located in the medium and the field is located in free space, the asymptotic dyadic Green's functions of the G (12) (r, r ) are given as 
